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Abstract
The supergravity description of various configurations of supersymmetric M-fivebranes
wrapped on calibrated cycles of special holonomy manifolds is studied. The description
is provided by solutions of eleven-dimensional supergravity which interpolate smoothly
between a special holonomy manifold and an event horizon with Anti-de Sitter geom-
etry. For known examples of Anti-de Sitter solutions, the associated special holonomy
metric is derived. One explicit Anti-de Sitter solution of M-theory is so treated for
fivebranes wrapping each of the following cycles: Ka¨hler cycles in Calabi-Yau two-
, three- and four-folds; special lagrangian cycles in three- and four-folds; associative
three- and co-associative four-cycles in G2 manifolds; complex lagrangian four-cycles
in Sp(2) manifolds; and Cayley four-cycles in Spin(7) manifolds. In each case, the as-
sociated special holonomy metric is singular, and is a hyperbolic analogue of a known
metric. The analogous known metrics are respectively: Eguchi-Hanson, the resolved
conifold and the four-fold resolved conifold; the deformed conifold, and the Stenzel
four-fold metric; the Bryant-Salamon-Gibbons-Page-Pope G2 metrics on an R
4 bundle
over S3, and an R3 bundle over S4 or CP2; the Calabi hyper-Ka¨hler metric on T ∗CP2;
and the Bryant-Salamon-Gibbons-Page-Pope Spin(7) metric on an R4 bundle over S4.
By the AdS/CFT correspondence, a conformal field theory is associated to each of the
new singular special holonomy metrics, and defines the quantum gravitational physics
of the resolution of their singularities.
1 Introduction
The AdS/CFT correspondence [1] provides a conceptual framework for consistently encoding the
geometry of Anti-de Sitter and special holonomy solutions of M-/string theory in a quantum theory.
Though the class of spacetimes to which it can be applied is restricted, and unfortunately does not
include FLRW cosmologies, it provides the only complete proposal extant for the definition of a
quantum theory of gravity. For the prototypical example of AdS5×S5/R10 and N = 4 super Yang-
Mills, the Maldacena conjecture is by now approaching the status of proof [2], [3]. The literature
on the correspondence is enormous, from applications in pure mathematics to phenomenological
investigations. On the phenomenological front, much effort has been devoted to extending the
AdS/CFT correspondence from N = 4 super Yang-Mills to more realistic field theories [4] and
even QCD itself [5], [6]. Also, recent developments have raised the hope that we may soon be
able to use AdS/CFT to test M-/string theory in the lab [7]-[10]. On the mathematical front, the
motivation provided by the AdS/CFT correspondence has stimulated spectacular progress in dif-
ferential geometry; early work on the correspondence showed that there is a deep interplay between
Anti-de Sitter solutions of M-/string theory, singular special holonomy manifolds and conformal
field theories [11], [12]. This relationship has since been the topic of intense investigation; a recent
highlight has been the beautiful work on Sasaki-Einstein geometry, toric Calabi-Yau three-folds and
the associated conformal field theories [13]-[19]. What has become clear is that the geometry of a
supersymmetric AdS/CFT dual involves an Anti-de Sitter manifold, a singular special holonomy
manifold1 and a supergravity solution which, in a sense that will be made more precise, interpo-
lates smoothly between them. This geometrical relationship, between Anti-de Sitter manifolds and
singular special holonomy manifolds, in the context of the AdS/CFT correspondence in M-theory,
is the subject of this paper.
The canonical example of this relationship, from IIB, is that between conically singular Calabi-
Yau three-folds and Sasaki-Einstein AdS5 solutions of IIB supergravity. Each of these geometries,
individually, is a supersymmetric solution of IIB, preserving eight supercharges. Furthermore, the
manifolds may be superimposed2 to obtain another supersymmetric solution of IIB, admitting four
supersymmetries. This interpolating solution - the supergravity description of D3 branes at a
conical Calabi-Yau singularity - has metric
ds2 =
(
A +
B
r4
)
−1/2
ds2(R1,3) +
(
A+
B
r4
)1/2 (
dr2 + r2ds2(SE5)
)
, (1.1)
for constants A, B and a Sasaki-Einstein five-metric ds2(SE5). Setting B=0 gives the IIB solution
R
1,3 × CY3, while setting A=0 gives the solution AdS5 × SE5. For positive A, B, the solution
1With the obviously special non-singular exception of flat space.
2Because, with a suitable ansatz including both, the supergravity field equations linearise.
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is globally smooth, and contains two distinct asymptotic regions: a spacelike infinity where the
metric asymptotes to that of the Calabi-Yau, and an internal spacelike infinity, where the metric
asymptotes to that of the Anti-de Sitter, on an event horizon at infinite proper distance. The causal
structure of these solutions is discussed in detail in [20]. The Calabi-Yau singularity is excised in the
interpolating solution, and removed to infinity; an important feature of the interpolating solution
is that it admits a globally-defined SU(3) structure.
The AdS/CFT correspondence tells us how to perform this geometrical interpolation in a quan-
tum framework. Open string theory on the singular Calabi-Yau reduces, at low energies, to a
conformally invariant quiver gauge theory, at weak ’t Hooft coupling. This is the low-energy effec-
tive field theory on the world-volume of a stack of probe D3 branes located at the singularity. The
gauge theory encodes the toric data of the Calabi-Yau. The same quiver gauge theory, at strong ’t
Hooft coupling, is identical to IIB string theory on the AdS5 × SE5; by the AdS/CFT dictionary,
the CFT also encodes the Sasaki-Einstein data of the AdS solution. Clearly, it can only do this for
both the Calabi-Yau and the AdS5 if their geometry is intimately related. In the classical regime,
this relationship is provided by the interpolating solution. In the quantum regime, the relationship
is provided by the CFT itself; the interpolation parameter is the ’t Hooft coupling. In effect, the
CFT is telling us how to cut out the Calabi-Yau singularity quantum gravitationally, and replace
it with an event horizon with the geometry of Anti-de Sitter.
The correspondence is best understood for branes at conical singularities of special holonomy
manifolds. However, starting from the work of Maldacena and Nun˜ez [21], many supersymmetric
AdS solutions of M-/string theory have been discovered,[22]-[29], [13], which cannot be interpreted
as coming from a stack of branes at a conical singularity. Instead, they have been interpreted as the
near-horizon limits of the supergravity description of branes wrapped on calibrated cyles of special
holonomy manifolds. The CFT dual of the AdS/special holonomy manifolds is the low-energy
effective theory on the unwrapped worldvolume directions of the branes. A brane, heuristically
envisioned as a hypersurface in spacetime, can wrap a calibrated cycle in a special holonomy man-
ifold, while preserving supersymmetry. A heuristic physical argument as to why this is possible is
that a calibrated cycle is volume-minimising in its homology class; as a probe brane has a tension,
it will always try to contract, and so a wrapped probe brane is only stable if it wraps a minimal
cycle. The supergravity description of a stack of wrapped branes, by analogy with that of branes
at conical singularities, should be a supergravity solution which smoothly interpolates between a
special holonomy manifold with an appropriate calibrated cycle, and an event horizon with Anti-de
Sitter geometry. As the notion of an interpolating solution is central to this paper, a more careful
definition of what is meant by these words will now be given.
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Definition 1 Let MAdS be a d-dimensional manifold admiting a warped-product AdS metric
gAdS, that, together with a matter content FAdS, gives a supersymmetric solution of a supergravity
theory in d dimensions. Let MSH be a d-dimensional manifold admitting a special holonomy
metric gSH , which gives a supersymmetric vacuum solution of the supergravity with holonomy
G ⊂ Spin(d − 1). Let MI be a d-dimensional manifold admitting a globally-defined G-structure,
together with a metric gI and a matter content FI that give a supersymmetric solution of the
supergravity. Then we say that (MI , gI ,FI) is an interpolating solution if for all ǫ, ζ > 0, there
exist open sets OAdS ⊂ MAdS, OI , O′I ⊂ MI , OSH ⊂ MSH , such that for all points pAdS ∈ OAdS,
pI ∈ OI , p′I ∈ O′I , pSH ∈ OSH ,
|gAdS(pAdS)− gI(pI)| < ǫ, |gSH(pSH)− gI(p′I)| < ζ. (1.2)
We also define the following useful pieces of vocabulary:
Definition 2 If for a given pair (MAdS, gAdS,FAdS), (MSH , gSH ,FSH), there exists an inter-
polating solution, then we say that MSH is a special holonomy interpolation of MAdS and that
MAdS is an Anti-de Sitter interpolation ofMSH . Collectively, we refer to (MAdS, gAdS,FAdS) and
(MSH , gSH ,FSH) as an interpolating pair.
The objective of this paper is to derive candidate special holonomy interpolations of some of the
wrapped fivebrane near-horizon limit AdS solutions of [22]-[25]. In [31], candidate special holonomy
interpolations of the AdS5 M-theory solutions of [21] were derived. These AdS solutions describe
the near-horizon limit of fivebranes wrapped on Ka¨hler two-cycles in Calabi-Yau two-folds and
three-folds. As these results fit nicely into the more extensive picture presented here, they will be
reviewed briefly below. The new special holonomy metrics that will be derived here are candidate
interpolations of: the AdS3 solution of [24], describing the near-horizon limit of fivebranes wrapped
on a Ka¨hler four-cycle in a four-fold; the AdS4 solution of [23], interpreted in [24] as the near-
horizon limit of fivebranes on a special lagrangian (SLAG) three-cycle in a three-fold; the AdS3
solution of [24], for fivebranes on a SLAG four-cycle in a four-fold; the AdS4 solution of [22], for
fivebranes on an associative three-cycle in a G2 manifold; the AdS3 solution of [24], for fivebranes on
a co-associative four-cycle in a G2 manifold; the AdS3 solution of [25], for fivebranes on a complex
lagrangian (CLAG) four-cycle in an Sp(2) manifold; and the AdS3 solution of [24], for fivebranes on
a Cayley four-cycle in a Spin(7) manifold. This paper therefore provides one candidate interpolating
pair for every type of cycle on which M-theory fivebranes can wrap, in all manifolds of dimension
less than ten with irreducible holonomy, with the exception of Ka¨hler four-cycles in three-folds and
quaternionic Ka¨hler four-cycles in Sp(2) manifolds, for which no AdS solutions are known to the
author.
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No interpolating solutions of eleven-dimensional supergravity which describe wrapped branes
are known. However, based on various symmetry and supersymmetry arguments, the differential
equations they satisfy are known, for all types of calibrated cycles in all special holonomy manifolds
that play a roˆle in M-theory. These equations will be called the wrapped brane equations; there
is an extensive literature on their derivation [32]-[41]; the most general results are those of [39]-
[41]. The key point that will be exploited here is that both members of an interpolating pair
should individually be a solution of the wrapped brane equations, with a suitable ansatz for the
interpolating solution. This is just like what happens for an interpolating solution associated to a
conical special holonomy manifold.
One of the many important results of [13] was to show how any AdS5 solution of M-theory,
coming from fivebranes on a Ka¨hler two-cycle in a three-fold, satisfies the appropriate wrapped
brane equations. The canonical frame of the AdS5 solutions, defined by their eight Killing spinors,
admits an SU(2) structure. The AdS5 solutions may also be re-written in such a way that the
canonical AdS5 frame is obscured, but a canonical R
1,3 frame is made manifest. This frame admits
an SU(3) structure, and is defined by half the Killing spinors of the AdS5 solution. And it is
this Minkowski SU(3) structure which satisfies the wrapped brane equations. By definition, any
interpolating solution describing fivebranes on a Ka¨hler two-cycle in a three-fold admits a globally-
defined SU(3) structure; this structure smoothly matches on to the SU(3) structure of the Calabi-
Yau and also to the canonical SU(3) structure of the AdS5 solution. This construction has since
been systematically extended to all calibrated cycles in manifolds with irreducible holonomy of
relevance to M-theory in [39], [40], [41], and, starting from the wrapped brane equations, has been
used to classify (ie, derive the differential equation satisfied by) all supersymmetric AdS solutions
of M-theory which have a wrapped-brane origin.
The strategy used here to construct candidate special holonomy interpolations of the AdS solu-
tions is therefore the following. We first construct the canonical Minkowski frames and structures
of the AdS solutions, which satisfy the appropriate wrapped brane equations. We then use these
as a guide to formulating a suitable ansatz for an interpolating solution. It is then a (reasonably)
straightforward matter to determine the most general special holonomy solution of the AdS-inspired
ansatz for the interpolating solution. In each case, the special holonomy metric thus obtained is
the proposed interpolation of the AdS solution. No attempt has been made to determine the inter-
polating solutions themselves. It is therefore a matter of conjecture whether the special holonomy
metrics obtained are indeed interpolations of the AdS solutions. However the results are sufficiently
striking that it is reasonable to believe that for the proposed interpolating pairs an interpolating
solution does indeed exist.
As an illustration of this procedure, consider the results of [31] for the proposed interpolation
of the N = 2 AdS5 solution of [21], describing the near-horizon limit of fivebranes on a Ka¨hler
4
two-cycle in a two-fold. When re-written in the canonical Minkowski frame, the AdS solution is of
the form
ds2 = L−1
[
ds2(R1,3) +
F
2
ds2(H2)
]
+ L2
[
F−1
(
du2 + u2(dψ − P )2
)
+ dt2 + t2ds2(S2)
]
,
(1.3)
where3 dP = Vol[H2], the period of ψ is 2π and F, L are known functions of the coordinates u and
t. The ansatz for the interpolating solution is then simply that F, L are allowed to be arbitrary
functions of u, t. The most general special holonomy solution with this ansatz is
ds2 = ds2(R1,6) + ds2(Nτ ), (1.4)
where, up to an overall scale,
ds2(Nτ ) = R
2
4
[
ds2(H2) +
(
1
R4
− 1
)
(dψ − P )2
]
+
(
1
R4
− 1
)
−1
dR2. (1.5)
The range of R is R ∈ (0, 1]. At R = 1, an S2 degenerates smoothly, and a H2 bolt stabilises. At
R = 0, the metric is singular, where the Ka¨hler H2 cycle degenerates. In the probe-brane picture,
the fivebranes should be thought of as wrapping the H2 at the singularity. Otherwise, they can
always decrease their worldvolume by moving to smaller R. This incomplete special holonomy
metric is to be compared with the Eguchi-Hanson metric [42], which is
ds2(EH) =
R2
4
[
ds2(S2) +
(
1− 1
R4
)
(dψ − P )2
]
+
(
1− 1
R4
)
−1
dR2, (1.6)
where now dP = Vol[S2]. As is well known, this metric is complete in the range R ∈ [1,∞). At
R = 1, an S2 degenerates smoothly and a Ka¨hler S2 bolt stabilises.
In every case, the conjectured special holonomy interpolations of the AdS solutions derived in
this paper are singular, and they have exactly the same relationship with known complete special
holonomy metrics as that of (1.5) with Eguchi-Hanson. To make the pattern clear, it worth quoting
one more example now. The conjectured special holonomy interpolation of the AdS3 solution of
[24] for fivebranes on a Cayley four-cycle in a Spin(7) manifold is
ds2 = ds2(R1,2) + ds2(Nτ ), (1.7)
where, up to an overall scale,
ds2(Nτ ) = 9
20
R2ds2(H4) +
36
100
R2
(
1
R10/3
− 1
)
DY aDY a +
(
1
R10/3
− 1
)
−1
dR2, (1.8)
3Here, and throughout, ds2(AdSn), ds
2(Hn), ds2(Sn), denote the maximally symmetric Einstein metrics on n-
dimensional AdS manifolds, n-hyperboloids or n-spheres with unit radius of curvature, respectively. The cartesian
metric on flat space will be denoted by ds2(Rn). The volume form on a unit n-hyperboloid or n-sphere will be
denoted by Vol[Hn], Vol[Sn], respectively.
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where the Y a are constrained coordinates on an S3 and D will be defined later. The range of R
is R ∈ (0, 1]; at R = 1 the S3 degenerates smoothly and a H4 bolt stabilises. At R = 0 the
metric is singular where the H4 Cayley four-cycle degenerates. This metric is to be compared with
the Spin(7) metric on an R4 bundle over S4, first found by Bryant and Salamon [43] and later
independently by Gibbons, Page and Pope [44]:
ds2(BSGPP) =
9
20
R2ds2(S4) +
36
100
R2
(
1− 1
R10/3
)
DY aDY a +
(
1− 1
R10/3
)
−1
dR2, (1.9)
This metric is complete in the range R ∈ [1,∞); at R = 1 an S4 degenerates smoothly and a
Cayley S4 bolt stabilises.
This relationship with known complete special holonomy metrics is a universal feature of all
the proposed special holonomy interpolations of this paper. As this series of incomplete special
holonomy metrics has so many features in common, they will be given a collective name, the Nτ
series. Though they have been derived here from the AdS M-theory solutions ab initio, they may be
obtained in a much simpler way a posteriori, by analytic continuation of known complete metrics4.
In every case, they may be obtained from a known complete metric with a radial coordinate of semi-
infinite range, at the endpoint of which an Sm degenerates and a calibrated Sn (or, as appropriate,
CP
2) cycle stabilises. The Nτ series is obtained by changing the sign of the scalar curvature of
the bolt and analytically continuing the dependence of the metric on the radial coordinate. This
generates a special holonomy metric with a “radial” coordinate of finite range, with a smoothly
degenerating Sm and a stabilisedHn (or Bergman) bolt at one endpoint, and a singular degeneration
at the other. For the Calabi-Yau Nτ with Ka¨hler cycles in three-folds and four-folds, the analogous
known metrics are the resolved conifold of [45], [46], and its four-fold analogue (see [47] for useful
additional background on the resolved conifold). For the Calabi-Yau Nτ with SLAG cycles, the
analogous known metrics are the Stenzel metrics [48] (see [49], [50] for useful background on the
Stenzel metrics). The Stenzel two-fold metric coincides with Eguchi-Hanson, and the Stenzel
three-fold metric coincides with the deformed conifold metric of [45] (see [51], [47] for additional
background on the deformed conifold). For the G2 Nτ metrics with co-associative cycles, the
analogous known metrics are the BSGPP metrics [43], [44] on R3 bundles over S4 or CP2. For the
G2 Nτ metric with an associative cycle, the analogous known metric is the BSGPP metric [43],
[44] on an R4 bundle over S3. See [52], [53], [50] for more background on the complete G2 metrics.
For the Sp(2) Nτ metric with a CLAG cycle, the analogous known metric is the Calabi metric
on T ∗CP2 [54]; the Calabi metric is the unique complete regular hyper-Ka¨hler eight-manifold of
4The Nτ metrics have almost certainly been found before, though because they are incomplete, they have been
presumably been rejected hitherto as pathological and uninteresting. What now makes them interesting is their
interpretation as special holonomy interpolations of AdS solutions, for which their incompleteness is probably a
pre-requisite: see conjecture 2 below.
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co-homogeneity one [55]; for further background on the Calabi metric, see [56]. Finally, for the
Spin(7) Nτ metric with a Cayley four-cycle, we have seen that the analogous known metric is the
BSGPP metric on an R4 bundle over S4; see [52], [53], [50] for more details.
What is most striking about the conjectured special holonomy interpolations obtained here is
that they are all singular. As occurs in the conical context, the expectation is that the singularity
of the special holonomy manifold is excised in the interpolating solution, and that the conformal
dual of the geometry gives a quantum gravitational definition of this process. If this is correct,
then a singularity of the special holonomy manifold is an essential ingredient of the geometry of
AdS/CFT. It would also explain a hitherto rather puzzling feature of the AdS solutions studied
here, all of which were originally constructed in gauged supergravity. While for the Nτ series it
is possible to obtain the known special holonomy manifolds by replacing the Hn factors with Sn
factors, for their AdS interpolations this does not seem to be possible; the AdS solutions exist only
for hyperbolic cycles. This makes sense if an AdS/CFT dual can exist only for a singular special
holonomy manifold; otherwise, if AdS solutions like those studied here, but with Sn cycles, existed,
their special holonomy interpolations would be non-singular. Another way of saying this is that it
seems that a conformal field theory can be associated to the singular Nτ series of special holonomy
metrics, but not to their non-singular known analogues. If this idea is correct, it means that
what the AdS/CFT correspondence is ultimately describing is the quantum gravity of singularity
resolution for special holonomy manifolds. We formalise the geometry of this idea in the following
two conjectures.
Conjecture 1 Every supersymmetric Anti-de Sitter solution of M-/string theory admits a special
holonomy interpolation.
Conjecture 2 With the exception of flat space, the metric on every special holonomy manifold
admitting an Anti-de Sitter interpolation is incomplete.
The organisation of the remainder of this paper is as follows. In section two, as useful introduc-
tory material, we will review the relationship between the canonical AdS and Minkowski frames for
AdS solutions, how to pass from one to the other by means of a frame rotation, and the relationship
between the AdS and wrapped brane structures. In section three, we will derive the conjectured
special holonomy interpolations of AdS solutions for fivebranes wrapped on cycles in Calabi-Yau
manifolds. Section four is devoted to the proposed Sp(2) interpolating pair, section five to the G2
interpolating pairs and section six to the Spin(7) interpolating pair. In section seven we conclude
and discuss interesting future directions.
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2 Canonical Minkowski frames for AdS manifolds
In this section we will review how the canonical AdS frame defined by all the Killing spinors of a
supersymmetric AdS solution is related to its canonical Minkowski frame defined by half its Killing
spinors; for more details, the reader is referred to [13], [39]-[41]. The canonical Minkowski structure
of an AdS solution is the one which can match on to the G-structure of an interpolating solution.
This phenomenon - the matching of the structure defined by half the supersymmetries of the AdS
manifold to that of an interpolating solution - is another, more precise way of stating the familiar
feature of supersymmetry doubling in the near-horizon limit of a supergravity brane solution.
We will in fact distinguish two cases, which will be discussed seperately. The AdS solutions we
study for fivebranes on cycles in manifolds of SU(2), SU(3) or G2 holonomy have purely magnetic
fluxes. This means that no membranes are present in the geometry. However, the AdS solutions for
fivebranes on four-cycles in eight-manifolds (Spin(7), SU(4) or Sp(2) holonomies) have both elec-
tric and magnetic fluxes. In probe-brane language, we can think of a stack of fivebranes wrapped a
four-cycle in the eight-manifold. We also have a stack of membranes extended in the three overall
transverse directions to the eight-manifold. The membrane stack intersects the fivebrane stack in a
string; the low-energy effective field theory on the string worldvolume is then the two-dimensional
dual of the AdS3 solutions that come from these geometries. The presence of the membranes com-
plicates the relationship of the AdS and Minkowski frames a little, so first we will discuss the case
of fivebranes alone, and purely magnetic fluxes.
2.1 AdS spacetimes from fivebranes on cycles in SU(2), SU(3) and G2
manifolds
The metric of an interpolating solution describing a stack of fivebranes wrapped on a calibrated
cycle in a Calabi-Yau two- or three-fold, or a G2 manifold, takes the form
ds2 = L−1ds2(R1,p) + ds2(Mq) + L2
(
dt2 + t2ds2
(
S10−p−q
) )
, (2.1)
where Mq admits a globally-defined SU(2), SU(3) or G2 structure respectively. The Minkowski
isometries are isometries of the full solution, and the flux has no components along the Minkowski
directions. The dimensionality of Mq is q = 4, 6, 7, respectively. The dimensionality of the un-
wrapped fivebrane worldvolume is p + 1, so p = 3 for a Ka¨hler two-cycle, p = 2 for a SLAG
or associative three-cycle, and p = 1 for a co-associative four-cyle. The intrinsic torsion of the
G-structure on Mq must satisfy certain conditions, implied by supersymmetry and the four-form
Bianchi identity. These conditions are what are called the wrapped brane equations; they will be
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given for each case below, and need not concern us now. For more details, the reader is referred to
[39].
Our interest here is how to obtain a warped product AdS metric from the wrapped-brane
metric (2.1), and vice versa. The first step is to recognise that every warped-product AdSp+2
metric, written in Poincare´ coordinates, may be thought of as a special case of a warped R1,p
metric. If the AdS warp factor is denoted by λ, and is independent of the AdS coordinates, then
λ−1ds2(AdSp+2) = λ
−1[e−2rds2(R1,p) + dr2]. (2.2)
Therefore our first step is to identify L = λe2r in (2.1), with r the AdS radial coordinate. The
next step is to pick out the AdS radial direction rˆ = λ−1/2dr from the space transverse to the R1,p
factor in (2.1). In the cases of interest to us, the AdS radial direction is a linear combination of the
radial direction vˆ = Ldt on the overall transverse space, and a radial direction in Mq, transverse
to the wrapped cycle. We denote this radial basis one-form on Mq by uˆ. Thus we can obtain the
AdS radial basis one-form by a local rotation of the frame of (2.1):
rˆ = sin θuˆ+ cos θvˆ, (2.3)
for some local angle θ which we take to be independent of r. Denoting the orthogonal linear
combination in the AdS frame by ρˆ, we have
ρˆ = cos θuˆ− sin θvˆ. (2.4)
Now, imposing closure of dt and r-independence of θ, we get
ρˆ =
λ
2 sin θ
d(λ−3/2 cos θ). (2.5)
Defining a coordinate ρ for the AdS frame according to ρ = λ−3/2 cos θ, we get
t = −ρ
2
e−2r,
ρˆ =
λ
2
√
1− λ3ρ2dρ. (2.6)
Finally, we impose that the metric on the space tranverse to the AdS factor is independent of
the AdS radial coordinate, and (in deriving the AdS supersymmetry conditions from the wrapped
brane equations) that the flux has no components along the AdS radial direction. Thus we obtain
the (for our purposes) general AdSp+2 metric contained in (2.1):
ds2 = λ−1
[
ds2(AdSp+2) +
λ3
4
(
dρ2
1− λ3ρ2 + ρ
2ds2
(
S10−p−q
))]
+ ds2(Mq−1), (2.7)
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where ds2(Mq−1) is defined by
ds2(Mq) = ds2(Mq−1) + uˆ⊗ uˆ. (2.8)
In addition, we have
uˆ = λ
(√
1− λ3ρ2
λ3
dr +
√
λ3
1− λ3ρ2
ρ
2
dρ
)
. (2.9)
Since in general we know the relationship between the Minkowski-frame coordinate t and the AdS
frame coordinates r, ρ, when we know λ explicitly for a particular solution, we can integrate (2.9)
to find an explicit coordinatisation of the AdS solution in the Minkowski frame. Thus we can pass
freely from one frame to the other, for any explicit solution.
Having discussed the relationship of the frames, let us now discuss the relationship between
the structures. Since, in passing from (2.1) to (2.7) we pick out a preferred direction on Mq, the
G-structure of (2.1) on Mq is reduced to a G′ structure on Mq−1 in (2.7). For q = 4, the SU(2)
structure on M4 is reduced to an identity structure on M3; the SU(2) forms on M4 decompose
according to
J4 = e
1 ∧ e2 + e3 ∧ uˆ, (2.10)
Ω4 = (e
1 + ie2) ∧ (e3 + iuˆ), (2.11)
with
ds2(M4) = e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3 + uˆ⊗ uˆ. (2.12)
For q = 6, the SU(3) structure onM6 reduces to an SU(2) structure onM5; the SU(3) structure
forms decompose according to
J6 = J4 + e
5 ∧ uˆ,
Ω6 = Ω4 ∧ (e5 + iuˆ), (2.13)
with
ds2(M6) = ds2(M5) + uˆ⊗ uˆ = ds2(M4) + e5 ⊗ e5 + uˆ⊗ uˆ, (2.14)
and the SU(2) structure of the AdS frame is defined on M4. For q = 7, the G2 structure on M7
reduces to an SU(3) structure onM6; the G2 structure forms decompose according to
Φ = J6 ∧ uˆ− ImΩ6,
Υ =
1
2
J6 ∧ J6 + ReΩ6 ∧ uˆ, (2.15)
10
with
ds2(M7) = ds2(M6) + uˆ⊗ uˆ, (2.16)
and the SU(3) structure of the AdS frame is defined onM6.
2.2 AdS spacetimes from fivebranes on four-cycles in eight-manifolds
of Spin(7), SU(4) or Sp(2) holonomy
As discussed above, because of the presence of non-zero electric flux for AdS3 solutions from five-
branes on four-cycles in eight-manifolds, the relationship between the canonical AdS and Minkowski
frames of the AdS solutions is a little more complicated. These systems are the subject of [41], to
which the reader is referred for more details5. The metric of an interpolating solution describing
a stack of fivebranes wrapped on a four-cycle in an eight-manifold, with a stack of membranes
extended in the transverse directions, takes the form
ds2 = L−1ds2(R1,1) + ds2(M8) + C2dt2. (2.17)
Again, the Minkowski isometries are isometries of the full solution, the electric flux contains a factor
proportional to the Minkowski volume form, and the magnetic flux has no components along the
Minkowski directions. The Minkowski directions represent the unwrapped fivebrane worldvolume
directions; the membranes extend in these directions and also along dt. Note that in this case
the warp factor of the overall transverse space (the R coordinatised by t) is independent of the
Minkowski warp factor. The global G-structure is defined onM8; the structure group is Spin(7),
SU(4) or Sp(2), as appropriate. Again, supersymmetry, the four-form Bianchi identity, and now,
the four-form field equation imply restrictions on the intrinsic torsion of the global G-structure.
These equations, the wrapped brane equations for these systems, are given in [41].
To obtain an AdS3 metric from (2.17), we again require that that L = λe
2r, with r the AdS
radial coordinate and λ the AdS warp factor, which we require to be independent of the AdS
coordinates. As before, we must now pick out the AdS radial direction rˆ = λ−1/2dr from the space
transverse to the Minkowski factor. In the generic case of interest to us, the AdS radial direction
is a linear combination of the overall transverse direction e9 = Cdt and a radial direction in M8
transverse to the cycle that we denote by e8. Thus, as before, we write the frame rotation relating
5In [41], somewhat more general wrapped brane metrics were considered than those of this discussion. However
the discussion of this section is sufficiently general for the applications of interest in this paper.
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the Minkowski and AdS frames as
rˆ = sin θe8 + cos θe9,
ρˆ = cos θe8 − sin θe9, (2.18)
for a local rotation angle θ which we take to be independent of the AdS radial coordinate. Imposing
AdS isometries on the electric and magnetic flux, and requiring that the metric on the space
transverse to the AdS factor is independent of the AdS coordinates, we find that we may introduce
an AdS frame coordinate ρ such that
λ−3/2 cos θ = f(ρ),
ρˆ =
λ
2
√
1− λ3f 2dρ, (2.19)
for some arbitrary function f(ρ). See [41] for a fuller discussion of this point. Then the general
AdS metric contained in (2.17) is
ds2 =
1
λ
[
ds2(AdS3) +
λ3
4(1− λ3f 2)dρ
2
]
+ ds2(M7), (2.20)
where ds2(M7) is defined by
ds2(M8) = ds2(M7) + e8 ⊗ e8. (2.21)
The basis one-forms of the Minkowski frame are given in terms of the basis one-forms of the AdS
frame by
e8 = λ
(√
1− λ3f 2
λ3
dr +
√
λ3
1− λ3f 2
f
2
dρ
)
,
Cdt = λfdr − 1
2
λdρ. (2.22)
For an explicit AdS3 solution we know λ and f explicitly, and so we can integrate these expressions
to get an explicit coordinatisation of the AdS solution in the Minkowski frame. Thus we can freely
pass between the canonical AdS and Minkowski frames for known AdS solutions.
As in the previous subsection, because we are picking out a preferred direction on M8, the
Minkowski-frame structure onM8 is reduced, in the AdS frame, to a structure onM7. A Spin(7)
structure onM8 is reduced to a G2 structure onM7; the decomposition of the Cayley four-form is
−φ = Υ+ Φ ∧ e8. (2.23)
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An SU(4) structure on M8 is reduced to an SU(3) structure on M7. The decomposition of the
SU(4) structure forms is
J8 = J6 + e
7 ∧ e8,
Ω8 = Ω6 ∧ (e7 + ie8), (2.24)
with
ds2(M8) = ds2(M7) + e8 ⊗ e8 = ds2(M6) + e7 ⊗ e7 + e8 ⊗ e8, (2.25)
with the SU(3) structure forms defined on ds2(M6). Finally, an Sp(2) structure on M8 reduces
to an SU(2) structure on ds2(M7). The decomposition of the triplet of Sp(2) almost complex
structures (which obey the algebra JAJB = −δAB + ǫABCJC , A = 1, 2, 3) under SU(2) is
J1 = K3 + e5 ∧ e6 + e7 ∧ e8,
J2 = K2 − e5 ∧ e7 + e6 ∧ e8,
J3 = K1 + e6 ∧ e7 + e5 ∧ e8, (2.26)
with
ds2(M8) = ds2(M4) + e5 ⊗ e5 + e6 ⊗ e6 + e7 ⊗ e7 + e8 ⊗ e8, (2.27)
and the KA are a triplet of self-dual SU(2)-invariant two-forms onM4, which satisfy the algebra6
KAKB = −δAB − ǫABCKC . Having concluded the introductory review, we now move on to the
main results of the paper.
3 Calabi-Yau interpolating pairs
In this section, we will give conjectured interpolating pairs for fivebranes wrapped on calibrated
cycles in Calabi-Yau manifolds. First we will discuss Ka¨hler cycles, then SLAG cycles. In order to
present a complete picture, we will summarise the results of [31] for Ka¨hler two-cycles in two-folds
and three-folds. In the new cases, we will first present the pair, and then give the derivation of the
special holonomy interpolation from the AdS solution.
3.1 Ka¨hler cycles
In this subsection, the AdS solutions for which we give a conjectured special holonomy interpo-
lation are: the half-BPS AdS5 solution of [21], describing the near-horizon limit of fivebranes on
6The slightly eccentric labelling of the SU(2) structure forms is chosen to coincide with an unfortunate conven-
tional quirk of [41].
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a two-cycle in a two-fold; the quarter-BPS AdS5 solution of [21], for a two-cycle in a three-fold;
and the AdS3 solution of [24], admitting four Killing spinors, for a four-cycle in a four-fold. The
special holonomy interpolations of the first two cases are derived in [31]; here we will just describe
the conjectured pair. All the other pairs given in this paper are new, and their derivation will be
given.
3.1.1 Two-fold
The conjectured interpolating pair The metric of the half-BPS AdS5 solution of [21] is given
by
ds2 =
1
λ
[
ds2(AdS5) +
1
2
ds2(H2) + (1− λ3ρ2)(dψ − P )2 + λ
3
4
(
dρ2
1− λ3ρ2 + ρ
2ds2(S2)
)]
,
λ3 =
8
1 + 4ρ2
,
(3.1)
where dP = Vol[H2]. The range of the coordinate ρ, which without loss of generality we take to
be non-negative, is ρ ∈ [0, 1/2]. At ρ = 0, the R-symmetry S2 degenerates smoothly7. At ρ = 1/2,
the R-symmetry U(1), with coordinate ψ, degenerates smoothly, provided that ψ is identified with
period 2π.
As discussed in the introduction, the conjectured special holonomy interpolation of this manifold
is
ds2(Nτ ) = ds2(R1,6) + ds2(Nτ ), (3.2)
where, up to an overall scale,
ds2(Nτ ) = R
2
4
[
ds2(H2) +
(
1
R4
− 1
)
(dψ − P )2
]
+
(
1
R4
− 1
)
−1
dR2. (3.3)
The range of R is R ∈ (0, 1]. At R = 1, an S2 degenerates smoothly, provided that ψ has the
same period as in the AdS solution. At R = 0, the metric is singular, where the Ka¨hler H2 cycle
degenerates.
7The R-symmetry of the dual theory is SU(2)× U(1).
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3.1.2 Three-fold
The conjectured interpolating pair The metric of the quarter-BPS AdS5 solution of [21] is
ds2 =
1
λ
[
ds2(AdS5) +
1
3
ds2(H2) +
1
9
(1− λ3ρ2)
(
ds2(S2) + (dψ + P − P ′)2
)
+
λ3
4(1− λ3ρ2)dρ
2
]
,
λ =
4
4 + ρ2
, (3.4)
where now dP = Vol[S2], dP ′ = Vol[H2]. This time, the range of ρ is [−2/√3, 2/√3]; at ρ = ±2/√3,
an S3 degenerates smoothly, provided that ψ is periodically identified with period 4π.
The conjectured special holonomy interpolation of this manifold is
ds2 = ds2(R1,4) + ds2(Nτ ), (3.5)
where, up to an overall scale,
ds2(Nτ) = 1
2
(1 + sin ξ)ds2(H2) +
cos2 ξ
2(1 + sin ξ)
ds2(S2) +
1
cos2 ξ
(
dR2 +R2(dψ + P − P ′)2
)
,
−1
3
sin3 ξ + sin ξ =
2
3
− R2. (3.6)
The range of R is R ∈ [0, 2/√3). At R = 0 (corresponding to ξ = π/2) an S3 degenerates
smoothly, provided that ψ has the same periodicity as for the AdS coordinate. The metric is
singular at R = 2/
√
3 (corresponding to ξ = −π/2) where the Ka¨hler H2 cycle degenerates. This
metric is the hyperbolic analogue of the resolved conifold metric of [45], [46].
3.1.3 Four-folds
The interpolating pairs This is the first new case we encounter. A set of AdS3 solutions was
constructed by Gauntlett, Kim and Waldram (GKW) in [24], that describe the near-horizon limit
of M5 branes on a Ka¨hler four-cycle in a Calabi-Yau four-fold, intersecting membranes extended in
the directions transverse to the four-fold. The AdS solutions admit four Killing spinors, and are
as follows. The metrics are
ds2 =
1
λ
[
ds2(AdS3) +
3
4
ds2(KE−4 ) +
1
4
(1− λ3f 2)
(
ds2(S2) + (dψ + P + P ′)2
)
+
λ3
4(1− λ3f 2)dρ
2
]
,
λ3 =
9
12 + ρ2
, f =
2ρ
3
. (3.7)
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Here KE−4 is an arbitrary negative scalar curvature Ka¨hler-Einstein manifold, normalised such that
the Ricci form R4 is given by R4 = −Jˆ4, with Jˆ4 the Ka¨hler form of KE−4 . In addition,
dP = Vol[S2],
dP ′ = R4. (3.8)
The range of ρ is ρ ∈ [−2, 2]; at the end-points, an S3 smoothly degenerates, provided that ψ
is periodically identified with period 4π. These manifolds admit an SU(3) structure, which was
obtained in [41], and will be given below (in somewhat more transparent coordinates), together
with the magnetic flux (the electric flux, which is irrelevant to the discussion, can be obtained from
[24] or [41]).
The conjectured special holonomy interpolation of these manifolds is
ds2 = ds2(R1,2) + ds2(Nτ ), (3.9)
where, up to an overall scale,
ds2(Nτ ) = 1
2
(1 + sin ξ)ds2(KE−4 ) +
cos2 ξ
2(1 + sin ξ)
ds2(S2) +
1
cos2 ξ
(
dR2 +R2(dψ + P − P ′)2
)
,
−1
3
sin3 ξ + sin ξ =
2
3
− R2. (3.10)
This is identical to the three-fold metric of the previous subsection, but with the H2 replaced by a
KE−4 . It has the same regularity properties, and is the hyperbolic analogue of the four-fold resolved
conifold. Now we will discuss its derivation.
The G-structure of the AdS solutions First we will give the SU(3) structure of the AdS
solutions, defined by all four Killing spinors. Defining the frame
ea =
√
3
4λ
eˆa,
e5 + ie6 =
1
2
√
1− λ3f 2eiψ(dθ + i sin θdφ),
e7 =
1
2
√
1− λ3f 2(dψ + P + P ′), (3.11)
where a = 1, ..., 4, the eˆa furnish a basis for KE−4 , Jˆ4 = eˆ
12 + eˆ34 and Ωˆ4 = (eˆ
1 + ieˆ2)(eˆ3 + ieˆ4), the
SU(3) structure is given by
J6 = e
12 + e34 + e56,
Ω6 = (e
1 + ie2)(e3 + ie4)(e5 + ie6).
(3.12)
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This structure is a solution of the torsion conditions of [41] for the near-horizon limit of fivebranes
on a Ka¨hler four-cycle in a four-fold, which are
ρˆ ∧ d(λ−1J6 ∧ J6) = 0, (3.13)
d(λ−3/2
√
1− λ3f 2ImΩ6) = 2λ−1(e7 ∧ ReΩ6 − λ3/2f ρˆ ∧ ImΩ6), (3.14)
J6y de
7 =
2λ1/2√
1− λ3f 2 (1− λ
3f 2)− λ3/2f ρˆy d log
(
λ3f
1− λ3f 2
)
. (3.15)
In addition it is a solution of the Bianchi identity for the magnetic flux, dFmag = 0, which in this
case is not implied by the torsion conditions. The magnetic flux is given by
Fmag =
λ3/2√
1− λ3f 2 (λ
3/2f + ⋆8)(d[λ
−3/2
√
1− λ3f 2J6 ∧ e7]− 2λ−1J6 ∧ J6) + 2λ1/2J6 ∧ e7 ∧ ρˆ,
(3.16)
where ⋆8 is the Hodge dual on the space transverse to the AdS factor, with positive orientation
defined with repect to
Vol =
1
3!
J6 ∧ J6 ∧ J6 ∧ e7 ∧ ρˆ. (3.17)
The AdS solutions in the Minkowski frame Now we use the discussion of section 2 to frame-
rotate the AdS solutions to the canonical Minkowski frame. Defining the coordinates
t = −1
2
e−4r/3ρ,
u = −1
3
√
12− 3ρ2e−r, (3.18)
the one-forms e8, e9 in the Minkowski frame are given by
e8 = λerdu,
e9 = λe4r/3dt, (3.19)
and the metric in the Minkowski frame takes the form
ds2 =
1
H
1/3
M5H
2/3
M2
ds2(R1,1) +
H
2/3
M5
H
2/3
M2
dt2 +
H
1/3
M2
H
1/3
M5
[
3
4
Fds2(KE−4 )
]
+H
1/3
M2H
2/3
M5
[
1
F
(
du2 +
u2
4
[ds2(S2) + (dψ + P + P ′)2]
)]
, (3.20)
where
HM5 = λ
3e14r/3,
HM2 = e
2r/3,
F = e4r/3. (3.21)
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These three functions have been chosen so that the metric takes a form reminiscent of the harmonic
function superposition rule for intersecting branes, in line with the probe brane picture. The
fivebrane worldvolume directions are the Minkowski and KE−4 directions; the membranes extend
along the Minkowski and t directions. Also e2r is given in terms of t and u by a positive signature
metric inducing root of the quartic
t6e8r −
(
1− 3
4
u2e2r
)3
= 0. (3.22)
The wrapped-brane SU(4) structure of the AdS3 solutions, defined by two of their Killing spinors,
is given by
J8 = J6 + e
7 ∧ e8,
Ω8 = Ω6 ∧ (e7 + ie8). (3.23)
By construction, this structure is a solution of the wrapped brane equations for a Ka¨hler four-cycle
in a four-fold. These comprise the torsion conditions [60], [41]
J8y de
9 = 0,
d(L−1ReΩ8) = 0,
e9 ∧ [J8y dJ8 − Le9y d(L−1e9)] = 0, (3.24)
and the Bianchi identity and field equation for the four-form, which is given in the Minkowski frame
in [60], [41].
The conjectured Calabi-Yau interpolation We now make the following ansatz for an inter-
polating solution:
ds2 =
1
H
1/3
M5H
2/3
M2
ds2(R1,1) +
H
2/3
M5
H
2/3
M2
dt2 +
H
1/3
M2
H
1/3
M5
[
α2F 21F
2
2 ds
2(KE−4 )
]
+H
1/3
M2H
2/3
M5
[
1
F 21
(
du2 +
u2
4
(dψ + P + P ′)2
)
+
u2
4F 22
ds2(S2)
]
, (3.25)
with HM5,M2, F1,2 arbitrary functions of u, t, and α a constant. To determine the Calabi-Yau
interpolation with this ansatz, we set HM5,M2 = 1 and require that F1,2 are functions only of u.
The derivation of the Calabi-Yau metric is now identical to that for the three-fold interpolation of
the previous subsection, as given in [31]. This close analogy between fivebranes wrapped on Ka¨hler
four-cycles in four-folds and two-cycles in three-folds has recently been used to construct infinite
families of AdS3 solutions [28], [29], [30] motivated by the analogous AdS5 solutions [13].
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In any event, to determine the special holonomy metric, observe that closure of Ω8, with the
obvious frame inherited from the AdS solution, is automatic. Closure of J8 results in the pair of
equations
α2∂u(F
2
1F
2
2 ) +
u
2F 21
= 0,
∂u
(
u2
4F 22
)
− u
2F 21
= 0. (3.26)
As in [31], [59], the general solution of these equations inducing a metric with only one singular
degeneration point is given by
F 21 =
a4
α2u2
cos2 ξ,
F 22 =
u2
2a2
(1 + sin ξ)
cos2 ξ
,
−1
3
sin2 ξ + sin ξ =
2
3
− α
2u4
4a6
, (3.27)
for some constant α. Defining the coordinate
R2 =
α2u4
4a6
, (3.28)
the metric takes the form given above.
3.2 Special Lagrangian Cycles
In this subsection we will give conjectured interpolating pairs for fivebranes wrapped on SLAG
cycles in three- and four-folds. The AdS solutions for which a Calabi-Yau interpolation is derived
are respectively the AdS4 solution of [23], admitting eight Killing spinors; and the AdS3 solution
of [24], admitting four Killing spinors. In each case we will first give the conjectured pair, then the
derivation of the Calabi-Yau interpolation from the AdS solution.
3.2.1 Three-fold
The interpolating pair The eleven-dimensional lift of the AdS4 solution of [23] was later inter-
preted [24] as the near-horizon limit of fivebranes wrapped on a SLAG three-cycle in a three-fold.
The metric is given by
ds2 =
1
λ
[
ds2(AdS4) + ds
2(H3) + (1− λ3ρ2)DY aDY a + λ
3
4(1− λ3ρ2)
(
dρ2 + ρ2ds2(S1)
)]
,
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λ3 =
2
8 + ρ2
. (3.29)
The flux, which in this case is purely magnetic and irrelevant to the discussion, may be obtained
from [24] or [39]. Here the Y a, a = 1, 2, 3, are constrained coordinates on an S2, Y aY a = 1, and
DY a = dY a + ωa bY
b, (3.30)
where the ωab are the spin-connection one-forms of H
3. The range of ρ, which without loss of gen-
erality we take to be positive, is ρ ∈ [0,√8]. At ρ = 0 the R-symmetry S1 degenerates smoothly8,
while at ρ =
√
8 the S2 degenerates smoothly.
Denoting a basis for H3 by ea, the metric of the conjectured Calabi-Yau interpolation of this
solution is
ds2 = ds2(R1,4) + ds2(Nτ ), (3.31)
where, up to an overall scale,
ds2(Nτ) = (2θ − sin 2θ)
1/3
sin θ
[1
2
(1− cos θ)(ea − Y aY beb)2 + 1
2
(1 + cos θ)DY aDY a
+
1
3
( sin3 θ
2θ − sin 2θ
)(
dθ2 + 4(Y aea)2
)]
. (3.32)
The range of θ is θ ∈ (0, π]. Near θ = π, the S2 degenerates smoothly; up to a scale, near θ = π
the metric is
ds2 = ds2(H3) +
1
4
[
dθ2 + θ2DY aDY a
]
. (3.33)
The metric is singular at θ = 0; up to a scale, near θ = 0 it is
ds2 =
1
4
[
dθ2 + θ2(ea − Y aY beb)2
]
+ (Y aea)2 +DY aDY a. (3.34)
This Calabi-Yau is the hyperbolic analogue of the deformed conifold [45] (which coincides with the
Stenzel three-fold metric [48]); the S3 SLAG cycle of the deformed conifold is replaced by a H3 in
the Nτ metric. Now we discuss the derivation of this interpolation from the AdS solution.
8The R-symmetry of the dual conformal theory is U(1).
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The G-structure of the AdS solution The AdS4 solution admits admits an SU(2) structure
defined by all eight Killing spinors. It is given by [39]
e5 =
1
λ1/2
Y aea,
J1 =
1
λ
√
1− λ3ρ2DY a ∧ ea,
J2 =
1
λ
√
1− λ3ρ2ǫabcY aDY b ∧ ec,
J3 =
1
2
ǫabc
[
1
λ
(1− λ3ρ2)Y aDY b ∧DY c − 1
λ
Y aeb ∧ ec
]
. (3.35)
This structure satisfies the torsion conditions of [39] for the near-horizon limit of fivebranes on a
SLAG three-cycle in a three-fold, which are
d
(
λ−1
√
1− λ3ρ2e5
)
= λ−1/2J1 + λρe5 ∧ ρˆ,
d
(
λ−3/2J3 ∧ e5 − ρJ2 ∧ ρˆ) = 0,
d
(
J2 ∧ e5 + λ−3/2ρ−1J3 ∧ ρˆ) = 0. (3.36)
The following identities, valid for a H3 or S3 with scalar curvature R, are useful in verifying this
claim:
d(Y aea) = DY a ∧ ea,
d(ǫabcY aDY b ∧ DY c) = −R
3
ǫabcY aDY b ∧ ec ∧ Y ded,
d(ǫabcY aeb ∧ ec) = 2ǫabcY aDY b ∧ ec ∧ Y ded,
d(ǫabcY aDY b ∧ ec) = ǫabc
[
Y aDY b ∧ DY c − R
6
Y aeb ∧ ec
]
∧ Y ded. (3.37)
In this case, the Bianchi identity for the flux is implied by the torsion conditions [39].
The AdS solution in the Minkowski frame From section 2, defining the Minkowski-frame
coordinates
t = −ρ
2
e−2r,
u = −
√
8− ρ2
2
e−r, (3.38)
the metric of the AdS solution in the Minkowski frame is given by
ds2 = L−1
[
ds2(R1,2) + Fds2(H3)
]
+ L2
[
F−1(du2 + u2DY aDY a) + ds2(R2)
]
, (3.39)
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where L = λe2r, F = e2r and
e2r =
u2
4t2
(
−1 +
√
1 + 32t2/u2
)
. (3.40)
The wrapped-brane SU(3) structure of the AdS solution, defined by four of its Killing spinors, is
given by
J6 = J
1 + e5 ∧ uˆ,
Ω6 = (J
3 + iJ2) ∧ (e5 + iuˆ), (3.41)
with uˆ = LF−1/2du. By construction, this structure is a solution of the wrapped brane equations
for fivebranes wrapped on a SLAG cycle in a three-fold, which are [37]
Vol[R2] ∧ dImΩ6 = 0,
d(L−1/2J6) = 0,
ReΩ6 ∧ dReΩ6 = 0,
d
(
⋆8 L
3/2d(L−3/2ReΩ6)
)
= 0, (3.42)
where ⋆8 denotes the Hodge dual on the space transverse to the Minkowski factor.
The conjectured Calabi-Yau interpolation We now make the following ansatz for an inter-
polating solution:
ds2 = L−1
[
ds2(R1,2) + F 21 (e
a − Y aY beb)2 + F 22 (Y aea)2
]
+ L2
[
F 24 du
2 + F 23DY
aDY a + ds2(R2)
]
,
(3.43)
with L, F1,...,4 arbitrary functions of u and t. To determine the Calabi-Yau interpolation with this
ansatz, we set L = 1, and require that F1,...,4 are functions only of u. Then F4 is at our disposal
and we set it to unity. The Calabi-Yau condition is
dJ6 = dΩ6 = 0, (3.44)
with J6 and Ω6 as inherited from the AdS solution in the Minkowski frame,
J6 = F1F3DY
a ∧ ea + F2Y aea ∧ du,
ReΩ6 =
1
2
(
F2F
2
3 ǫ
abcY aDY b ∧ DY c − F 21F2ǫabcY aeb ∧ ec
)
∧ Y ded − F1F3ǫabcY aDY b ∧ ec,
ImΩ6 = F1F2F3ǫ
abcY aDY b ∧ ec ∧ Y ded + 1
2
(
F 23 ǫ
abcY aDY b ∧ DY c − F 21 ǫabcY aeb ∧ ec
)
∧ du.
(3.45)
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Then using the equations (3.37), closure of J6 implies
∂u(F1F3) + F2 = 0. (3.46)
Closure of ReΩ6 implies
1
2
∂u(F2F
2
3 ) + F1F3 = 0,
1
2
∂u(F2F
2
1 )− F1F3 = 0. (3.47)
Closure of ImΩ6 implies
∂u(F1F2F3)− F 23 + F 21 = 0, (3.48)
and this equation is implied by the other three. Solving (3.46) and (3.47) is straightforward. Adding
(3.47) we immediately get
F2 =
a
F 21 + F
2
3
, (3.49)
for constant a. Next, subtracting (3.47), and defining a new coordinate x according to
∂u = −4
a
F1F3∂x, (3.50)
we get
F 23 − F 21
F 21 + F
2
3
= x+ b, (3.51)
for a constant b which may be eliminated by a shift of x. Solving for F3, inserting in (3.46), and
defining x = cos θ, we obtain
F 61 =
3a2
32
(2θ − sin 2θ + c)
(
1− cos θ
1 + cos θ
)3/2
, (3.52)
for constant c. The metric has pathological behaviour unless c = 0, so we choose this value. Then,
up to an overall scale of (3a2/4)1/3, we obtain the three-fold metric given above.
3.2.2 Four-folds
The interpolating pair The GKW solution for AdS3 near-horizon limit of a string intersection of
fivebranes wrapped on a SLAG four-cycle in a four-fold, with membranes extended in the directions
transverse to the four-fold, was constructed in [24]. The metric is given by
ds2 =
1
λ
[
ds2(AdS3) +
8
3
ds2(H4) + (1− λ3f 2)DY aDY a + λ
3
4(1− λ3f 2)dρ
2
]
,
23
λ3 =
16
24 + 3ρ2
, f =
3ρ
4
. (3.53)
Here the Y a, a = 1, ..., 4 are constrained coordinates on a three-sphere, Y aY a = 1, and
DY a = dY a + ωa bY
b, (3.54)
with ωab the spin connection one-forms of H
4. The range of ρ is ρ ∈ [−2, 2]; at the endpoints, the
S3 degenerates smoothly. The electric flux may be obtained from [24] or [41]; the magnetic flux
will be given below.
Denoting a basis for H4 by ea, the metric of the conjectured Calabi-Yau interpolation of this
solution is
ds2 = ds2(R1,2) + ds2(Nτ ), (3.55)
where, up to an overall scale,
ds2(Nτ ) = (2 + cos 2θ)
1/4
cos θ
[
cos2 θ(ea − Y aY beb)2 + sin2 θDY aDY a
+
3 cos θ sin3 2θ
8 sin3 θ(2 + cos 2θ)
(
dθ2 + (Y aea)2
)]
. (3.56)
This metric is the hyperbolic analogue of the Stenzel four-fold. Without loss of generality, we can
take the range of θ to be θ ∈ [0, π/2). Near θ = 0, the S3 degenerates smoothly, and up to a scale
the metric is given by
ds2 = ds2(H4) + dθ2 + θ2DY aDY a. (3.57)
The other degeneration point, θ = π/2, is singular. Now we give the derivation of the conjectured
interpolation.
The G-structure of the AdS solution The AdS3 solution admits an SU(3) structure defined
by all four Killing spinors. The structure satisfies the torsion conditions of [41] for the near-horizon
limit of fivebranes on a SLAG four-cycle in a four-fold, together with the Bianchi identity for the
magnetic flux, dFmag = 0, which in this case is not implied by the torsion conditions. The SU(3)
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structure is [41]
e7 = −
√
8
3λ
Y aea,
J6 =
√
8(1− λ3f 2)
3λ2
ea ∧DY a,
ReΩ6 =
(√
8
3λ
)3
1
3!
ǫabcdY aeb ∧ ec ∧ ed −
√
8
3λ3
(
1− λ3f 2
)1
2
ǫabcdY aDY b ∧ DY c ∧ ed,
ImΩ6 =
8
3
√
1− λ3f 2
λ3
1
2
ǫabcdY aDY b ∧ ec ∧ ed −
(√
1− λ3f 2
λ
)3
1
3!
ǫabcdY aDY b ∧ DY c ∧ DY d.
(3.58)
The torsion conditions are
e7 ∧ ρˆ ∧ d
(
ReΩ6√
1− λ3f 2
)
= 0, (3.59)
d
(
λ−1
√
1− λ3f 2e7
)
= λ−1/2(J6 + λ
3/2fe7 ∧ ρˆ), (3.60)
ImΩ6 ∧ dImΩ6 = λ
1/2√
1− λ3f 2 (6 + 4λ
3f 2)Vol[M6] ∧ e7 − 2λ3/2f ⋆8 d log
(
λ3f
1− λ3f 2
)
,
(3.61)
where
Vol[M6] = 1
3!
J6 ∧ J6 ∧ J6. (3.62)
and ⋆8 denotes the Hodge dual on the space transverse to the AdS factor, with positive orientation
defined with respect to
Vol = Vol[M6] ∧ e7 ∧ ρˆ. (3.63)
The magnetic flux is
Fmag = − λ
3/2
1− λ3f 2 (λ
3/2f + ⋆8)
(
d
[
λ−3/2
√
1− λ3f 2ImΩ6
]
+ 4λ−1ReΩ6 ∧ e7
)
− 2λ1/2ImΩ6 ∧ ρˆ.
(3.64)
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The following identities, valid for a H4 or an S4 with scalar curvature R, are useful in verifying the
torsion conditions and Bianchi identity:
d
(
ǫabcdY aeb ∧ ec ∧ ed
)
= −3ǫabcdY aDY b ∧ ec ∧ ed ∧ Y eee,
d
(
ǫabcdY aDY b ∧ ec ∧ ed
)
=
(
− 2ǫabcdY aDY b ∧DY c ∧ ed + R
12
ǫabcdY aeb ∧ ec ∧ ed
)
∧ Y eee,
d
(
ǫabcdY aDY b ∧DY c ∧ ed
)
=
(R
6
ǫabcdY aDY b ∧ ec ∧ ed − ǫabcdY aDY b ∧ DY c ∧ DY d
)
∧ Y eee,
d
(
ǫabcdY aDY b ∧ DY c ∧ DY d
)
=
R
4
ǫabcdY aDY b ∧DY c ∧ ed ∧ Y eee. (3.65)
The AdS solutions in the Minkowski frame Using section 2, we define the coordinates
t = −1
2
e−3r/2ρ,
u = −
√
24− 6ρ2
16
e−r, (3.66)
so that the one-forms e8, e9 in the Minkowski frame are given by
e8 = λerdu,
e9 = λe3r/2dt, (3.67)
and the AdS metric in the Minkowski frame takes the form
ds2 =
1
H
1/3
M5H
2/3
M2
ds2(R1,1) +
H
2/3
M5
H
2/3
M2
dt2 +
H
1/3
M2
H
1/3
M5
[
8
3
Fds2(H4)
]
+H
1/3
M2H
2/3
M5
[
1
F
(
du2 + u2DY aDY a
)]
, (3.68)
where
HM5 = λ
3e5r,
HM2 = e
r/2,
F = e3r/2. (3.69)
The function er is given in terms of t and u by a positive signature metric inducing root of the
cubic
t2e3r +
2
3
u2e2r − 1 = 0. (3.70)
The wrapped brane SU(4) structure of the AdS3 solution, defined by two of its Killing spinors, is
given by
J8 = J6 + e
7 ∧ e8,
Ω8 = Ω6 ∧ (e7 + ie8). (3.71)
26
By construction, this structure is a solution of the wrapped brane equations for a SLAG four-cycle
in a four-fold, which comprise the torsion conditions [41]
d(L−1/2J8) = 0,
ImΩ8 ∧ dReΩ8 = 0,
e9 ∧ [ReΩ8y dReΩ8 − 2L3/2e9y d(L−3/2e9)] = 0. (3.72)
together with the Bianchi identity and field equation for the four-form, which is given in [41].
The conjectured Calabi-Yau interpolation We make the following ansatz for an interpolating
solution:
ds2 =
1
H
1/3
M5H
2/3
M2
ds2(R1,1) +
H
2/3
M5
H
2/3
M2
dt2 +
H
1/3
M2
H
1/3
M5
[
F 21 (e
a − Y aY beb)2 + F 22 (Y beb)2
]
+H
1/3
M2H
2/3
M5
[
F 24 du
2 + F 23DY
aDY a
]
, (3.73)
with HM5,M2, F1,...,4 arbitrary functions of u, t. To determine the Calabi-Yau interpolation with
this ansatz, we set HM5,M2 = 1 and require that F1,...,4 are functions only of u. Then F4 is at our
disposal, and we set it to 1. Requiring SU(4) holonomy, we set
dJ8 = dΩ8 = 0, (3.74)
with
J8 = J6 + e
7 ∧ du,
Ω8 = Ω6 ∧ (e7 + idu),
e7 = −F2Y aea,
J6 = F1F3e
a ∧ DY a,
ReΩ6 = F
3
1
1
3!
ǫabcdY aeb ∧ ec ∧ ed − F1F 23
1
2
ǫabcdY aDY b ∧ DY c ∧ ed,
ImΩ6 = F
2
1F3
1
2
ǫabcdY aDY b ∧ ec ∧ ed − F 33
1
3!
ǫabcdY aDY b ∧DY c ∧DY d. (3.75)
Closure of J8 implies
∂u(F1F3) + F2 = 0. (3.76)
Using the identities (3.65) with R = −12, closure of ReΩ8 implies
∂u(F
3
1F2)− 3F 21F3 = 0,
∂u(F
2
3F2) + 3F1F
2
3 = 0, (3.77)
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while closure of ImΩ8 implies
∂u(F
2
1F2F3) + F
3
1 − 2F1F 23 = 0,
∂u(F1F2F
2
3 )− F 33 + 2F 21F3 = 0. (3.78)
It may be verified that the last two equations are implied by the first three. Solving for F1,2,3 is
straightforward. First define a new coordinate x according to
−F2∂u = ∂θ. (3.79)
Then we have that
∂θ
(
F1
F3
)
= −1 −
(
F1
F3
)2
, (3.80)
which has solution
F1
F3
=
cos θ
sin θ
, (3.81)
up to an irrelevant constant which may be eliminated by a shift of θ. Using this, we find that
∂θ log
(
F1F
2/3
2 F3
sin 2θ
)
= 0, (3.82)
and hence that
F1F
2/3
2 F3 = α sin 2θ, (3.83)
for constant α. Finaly we get
∂θ
(
sin 2θ
F
2/3
2
)
=
1
α
F 22 , (3.84)
which has solution
F2 =
(
3α
8
)3/8 [
sin 2θ
(β + [2 + cos 2θ] sin4 θ)1/4
]3/2
, (3.85)
for constant β. As was the case for the three-fold solution of the previous subsection, the metric
has pathological behaviour unless β = 0. Choosing this value, the metric, up to an overall scale of
(8α3/3)1/4, is as given above.
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4 Sp(2) interpolating pair
In this section, we will give a conjectured interpolating pair for fivebranes wrapped on a complex
lagarangian four-cycle in an Sp(2) manifold. First we give the pair, then the derivation of the Sp(2)
interpolation from the AdS solution.
The interpolating pair In [25], an AdS3 solution admitting six Killing spinors and describing
the near-horizon limit of fivebranes wrapped on a CLAG four-cycle in an Sp(2) manifold was con-
structed. In addition to the fivebranes, there are membranes extended in the directions transverse
to the Sp(2), which intersect the fivebranes in a string. The quantum dual of the AdS solution is
the two-dimensional low energy effective theory on the string worldvolume. The metric of the AdS
solution is given by
ds2 =
1
λ
[
ds2(AdS3) +
5
2
ds2(B4) + (1− λ3f 2)DY aDY a + λ
3
4(1− λ3f 2)dρ
2
]
,
λ3 =
50
60 + 3ρ2
, f =
3ρ
5
. (4.1)
Here ds2(B4) is the Bergman metric on two-dimensional complex hyperbolic space, normalised such
that the scalar curvature is R = −12; explicitly, this metric is
ds2(B4) = 2
[
dz2 +
1
4
sinh2 z(σ21 + σ
2
2 + cosh
2 zσ23)
]
, (4.2)
with dσ1 = σ2∧σ3, together with cyclic permutations. In the AdS metric (4.1), the Y a, a = 1, ..., 4
parameterise an S3, Y aY a = 1, and
DY a = dY a + ωa bY
b, (4.3)
with ωab the spin connection one-forms of B4. The electric flux is irrelevant to the discussion, and
may be obtained from [25] or [41]; the magnetic flux will be given below.
To give the conjectured special holonomy interpolation of this metric, we first make the following
definitions. Let ea denote a basis for the Bergman metric (4.2). Let JA, A = 1, 2, 3, denote a basis
of self-dual SU(2) invariant three-forms on B4, obeying the algebra J
AJB = −δAB − ǫABCJC , and
let J3 be the Ka¨hler form of B4. Define
E1 = J
1
abY
aeb, E2 = −J2abY aeb, E3 = J1abY aDY b, E4 = J2abY aDY b,
E5 = J
3
abY
aeb, E6 = Y
aea, E7 = J
3
abY
aDY b. (4.4)
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Then the conjectured hyper-Ka¨hler interpolation of the AdS3 solution is
ds2 = ds2(R1,2) + ds2(Nτ ), (4.5)
where, up to an overall scale,
ds2(Nτ) =
(
1 +R2
)(
E21 + E
2
2
)
+ 2
(
1−R2
)(
E23 + E
2
4
)
+ 2R2
(
E25 + E
2
6
)
+R2
(
1
R4
− 1
)
E27 + 4
(
1
R4
− 1
)
−1
dR2. (4.6)
The range of R is R ∈ (0, 1]. At R = 1, the S3 degenerates smoothly. Defining R = 1 − y/2, the
metric near y = 0 is
ds2(Nτ ) = 2ds2(B4) + dy2 + y2DY aDY a. (4.7)
The metric is singular at R = 0. This Nτ metric is the hyperbolic analogue of the Calabi metric
on T ∗CP2 [54]. Now we give its derivation from the AdS solution.
The G-structure of the AdS solution The AdS3 admits an SU(2) structure defined by all six
Killing spinors. This structure satisfies the torsion conditions of [41], for the near-horizon limit of
fivebranes on a CLAG four-cycle, together with the Bianchi identity for the flux dFmag = 0, which
in this case is not implied by the torsion conditions. The SU(2) structure is given by
e5 =
√
5
2λ
E5, e
6 =
√
5
2λ
E6, e
7 =
√
1− λ3f 2
λ
E7,
K1 =
1
λ
√
5(1− λ3f 2)
2
(
E1 ∧ E4 + E2 ∧ E3
)
,
K2 =
1
λ
√
5(1− λ3f 2)
2
(
− E1 ∧ E3 + E2 ∧ E4
)
,
K3 =
5
2λ
E1 ∧ E2 + (1− λ
3f 2)
λ
E3 ∧ E4. (4.8)
The triplet of SU(2) structure forms KA (not to be confused with the JA forms on B4) obey the
algebra KAKB = −δAB − ǫABCKC . The relevant torsion conditions of [41] are
ρˆ ∧ d
[
λ−1
(
Vol[M4] +K3 ∧ e56
) ]
= 0, (4.9)
(K3 + e56)y de7 =
2λ1/2√
1− λ3f 2 (1 + λ
3f 2)− λ3/2f ρˆy d log
(
λ3f
1− λ3f 2
)
,
d
(
λ−1
√
1− λ3f 2e5
)
= λ−1/2
(
K1 + e67 + λ3/2fe5 ∧ ρˆ
)
, (4.10)
d
(
λ−1
√
1− λ3f 2e6
)
= λ−1/2
(
K2 + e75 + λ3/2fe2 ∧ ρˆ
)
, (4.11)
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with
Vol[M4] = 1
2
K3 ∧K3. (4.12)
The magnetic flux is
Fmag =
λ3/2
1− λ3f 2 (λ
3/2f + ⋆8)
[
d
(
λ−3/2
√
1− λ3f 2
[
K3 ∧ e7 + e567
])
−4λ−1
(
Vol[M4] +K3 ∧ e56
)]
+ 2λ1/2
(
K3 ∧ e7 + e567
)
∧ ρˆ, (4.13)
with
Vol[M8] = Vol[M4] ∧ e567 ∧ ρˆ. (4.14)
In verifying that the given structure indeed solves the torsion conditions and Bianchi identity, and
in the derivation of the Sp(2) metric to follow, the following is useful. Defining
Q =
1
2
J3abωab, (4.15)
the exterior derivatives of the Es are given by
dE1 = −E2 ∧ (Q+ E7)− E3 ∧ E6 + E4 ∧ E5,
dE2 = E
1 ∧ (Q + E7) + E3 ∧ E5 + E4 ∧ E6,
dE3 = E4 ∧ (Q + 2E7)− 1
2
E1 ∧ E6 + 1
2
E2 ∧ E5,
dE4 = −E3 ∧ (Q+ 2E7) + 1
2
E2 ∧ E6 + 1
2
E1 ∧ E5,
dE5 = E1 ∧ E4 + E2 ∧ E3 + E6 ∧ E7,
dE6 = −E1 ∧ E3 + E2 ∧ E4 + E7 ∧ E5,
dE7 = −E1 ∧ E2 + 2E3 ∧ E4 − 2E5 ∧ E6. (4.16)
The AdS solution in the Minkowski frame We now use section 2 to frame-rotate the AdS
solution. Defining the coordinates
t = −1
2
e−6r/5ρ,
u = −
√
12− 3ρ2
10
e−r, (4.17)
the one-forms e8, e9 in the Minkowski frame are given by
e8 = λerdu,
e9 = λe6r/5dt, (4.18)
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and the AdS metric in the Minkowski frame takes the form
ds2 =
1
H
1/3
M5H
2/3
M2
ds2(R1,1) +
H
2/3
M5
H
2/3
M2
dt2 +
H
1/3
M2
H
1/3
M5
[
5
2
Fds2(B4)
]
+H
1/3
M2H
2/3
M5
[
1
F
(
du2 + u2DY aDY a
)]
, (4.19)
where
HM5 = λ
3e22r/5,
HM2 = e
4r/5,
F = e6r/5. (4.20)
The function e2r is given in terms of t and u by a positive signature metric inducing root of the
sextic
t2e12r −
(
1− 5
6
u2e2r
)5
= 0. (4.21)
The wrapped brane Sp(2) structure of the AdS3 solution, defined by three of its Killing spinors, is
given by
J1 = K3 + e5 ∧ e6 + e7 ∧ e8,
J2 = K2 − e5 ∧ e7 + e6 ∧ e8,
J3 = K1 + e6 ∧ e7 + e5 ∧ e8. (4.22)
By construction, this structure is a solution of the wrapped brane equations for a CLAG four-cycle
in a hyper-Ka¨hler eight-manifold, which comprise the torsion conditions [41]
d(L−1/2J2) = d(L−1/2J3) = 0,
e9 ∧ [J1y dJ1 − Le9y d(L−1e9)] = 0, (4.23)
together with the Bianchi identity and field equation for the four-form, which is given in [41].
The conjectured hyper-Ka¨hler interpolation We make the following ansatz for an interpo-
lating solution:
ds2 =
1
H
1/3
M5H
2/3
M2
ds2(R1,1) +
H
2/3
M5
H
2/3
M2
dt2 +
H
1/3
M2
H
1/3
M5
[
F 21
(
E21 + E
2
2
)
+ F 22
(
E25 + E
2
6
)]
+H
1/3
M2H
2/3
M5
[
F 25 du
2 + F 23
(
E23 + E
2
4
)
+ F 24E
2
7
]
, (4.24)
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with HM5,M2, F1,...,5 arbitrary functions of u, t. To determine the hyper-Ka¨hler interpolation with
this ansatz, we set HM5,M2 = 1 and require that F1,...,5 are functions only of u. Then F5 is at our
disposal, and we set it to 1. Requiring Sp(2) holonomy, we set
dJA = 0. (4.25)
From dJ1, we derive the conditions
∂u
(
F 21
)
= F4,
∂u
(
F 22
)
= 2F4,
∂u
(
F 23
)
= −2F4,
F 21 = F
2
2 +
1
2
F 23 . (4.26)
The algebraic constraint, combined with any two of the differential equations, implies the third.
From dJ2, we get
∂u (F1F3) = −F2,
∂u (F2F4) = −F2,
F1F3 = F2F4, (4.27)
and from dJ3 we again obtain the equations (4.27). The algebraic constraint in (4.27), combined
with either of the differential equations, implies the second. Therefore the system we need to solve
is
∂u
(
F 21
)
= F4,
∂u
(
F 22
)
= 2F4,
∂u (F2F4) = −F2,
F 23 = 2
(
F 21 − F 22
)
,
F1F3 = F2F4. (4.28)
To solve the system, define a new coordinate x such that
∂u = F4∂x. (4.29)
Then the first two equations of (4.28) give
F 21 = x+ a,
F 22 = 2x+ b, (4.30)
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for constants a, b. We eliminate b by a shift of x. Integrating the third equation we get
F 24 =
c
x
− x, (4.31)
for a constant c. Then the algebraic conditions imply that
F 23 = 2(a− x),
c = a2. (4.32)
Finally, defining a new coordinate x = aR2, up to an overall scale of a, we get the hyper-Ka¨hler
Nτ metric given above.
5 G2 interpolating pairs
In this section, we will give conjectured interpolating pairs for fivebranes wrapped on calibrated
cycles in G2 manifolds. First we will discuss co-associative four-cycles, then associative three-cycles.
In each case we will first give the conjectured pairs, followed by the derivation of the G2 interpola-
tions from the AdS solutions.
5.1 Co-associative cycles
The interpolating pairs The GKW AdS3 solutions [24], describing the near-horizon limit of
M-fivebranes wrapped on a co-associative cycle in a manifold of G2 holonomy, admit four Killing
spinors, and have metrics
ds2 =
1
λ
[
ds2(AdS3) +
9
4
ds2(Σ4) +
9
4
(1− λ3ρ2)DY aDY a + λ
3
4
(
dρ2
1− λ3ρ2 + ρ
2ds2(S1)
)]
,
λ3 =
81
64 + 54ρ2
. (5.1)
In this case the flux is purely magnetic, and is irrelevant to the discussion; it may be obtained from
[24] or [39]. The wrapped cycle Σ4 is an arbitrary conformally half-flat Einstein manifold, with
scalar curvature normalised such that R = −12. This means that the Ricci tensor of Σ4 is given by
Rij = −3gij , (5.2)
and the Weyl tensor is anti-self-dual,
Jaij4 Cijkl = 0, (5.3)
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for a triplet of self-dual two-forms Ja4 , a = 1, 2, 3, on Σ4. An example of such a manifold is hyperbolic
four-space H4. The Y a are constrained coordinates on S2, Y aY a = 1, and
DY a = dY a − 1
2
ǫabcY bωijJ
cij
4 , (5.4)
where ωij are the spin connection one-forms of Σ4. The range of ρ, which without loss of generality
is taken to be non-negative, is ρ ∈ [0, 8/3√3]. At ρ = 0 the R-symmetry S1 degenerates smoothly9,
while at ρ = 8/3
√
3 the S2 parameterised by the Y a degenerates smoothly.
The metric of the conjectured G2 interpolation of these AdS solutions is
ds2 = ds2(R1,3) + ds2(Nτ ), (5.5)
where up to an overall scale,
ds2(Nτ ) = R
2
2
ds2(Σ4) +
R2
4
(
1
R4
− 1
)
DY aDY a +
(
1
R4
− 1
)
−1
dR2. (5.6)
The range of R is R ∈ (0, 1]. At R = 1, the S2 degenerates smoothly. The metric is singular at
R = 0 where the co-associative Σ4 degenerates. These metrics are the analogues, for negatively
curved conformally half-flat Einstein Σ4, of the regular BSGPP G2 metrics on R
3 bundles over S4
or CP2 [43], [44]. Now we give their derivation from the AdS solutions.
The G-structure of the AdS solutions The SU(3) structure of the AdS solutions, defined by
all four of their Killing spinors, is given by [39]
J6 =
9
4λ
Y aJa4 +
9
4λ
(1− λ3ρ2)1
2
ǫabcY aDY b ∧ DY c,
Ω6 =
27
8
√
1− λ3ρ2
λ3
(ǫabcY aDY b ∧ Jc4 + iDY a ∧ Ja4 ). (5.7)
This structure is a solution of the AdS torsion conditions of [39] for the near-horizon limit of
fivebranes on a co-associative four-cycle, which are
d
(
1
λ3/2ρ
J6 ∧ ρˆ− ImΩ6
)
= 0,
d
(
1
2λ
J6 ∧ J6 + λ1/2ρReΩ6 ∧ ρˆ
)
= 0. (5.8)
9The R-symmetry of the conformal duals is U(1).
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The following identities, valid for an arbitrary conformally half-flat Einstein manifold of scalar
curvature R, are useful in verifying this claim:
d(Y aJa4 ) = DY
a ∧ Ja4 ,
d
(
1
2
ǫabcY aDY b ∧ DY c
)
=
R
12
DY a ∧ Ja4 ,
d(ǫabcY aDY b ∧ Jc4) =
R
3
Vol[Σ4] + Y
dJd4 ∧ ǫabcY aDY b ∧DY c. (5.9)
In this case the Bianchi identity for the four-form is implied by the torsion conditions [39].
The AdS solution in the Minkowski frame Using section 2, we now frame-rotate these
solutions to the canonical Minkowski frame. The one-form uˆ is given by
uˆ = Le−4r/3d
(
−1
6
√
64− 27ρ2e−2r/3
)
. (5.10)
Defining the Minkowski frame coordinate u,
u = −1
6
√
64− 27ρ2e−2r/3, (5.11)
the AdS3 solutions in the Minkowski frame are given by
ds2 + L−1
[
ds2(R1,1) +
9
4
Fds2(Σ4)
]
+ L2
[
F−4/3
(
du2 + u2DY aDY a
)
+ ds2(R2)
]
, (5.12)
where
F = e2r,
L = λF, (5.13)
and e4r is a positive signature metric inducing root of the cubic(
16
9
− t2e4r
)3
− u6e4r = 0. (5.14)
The wrapped-brane G2 structure of the AdS3 solutions is defined by two of their Killing spinors,
and is given by
Φ = J6 ∧ uˆ− ImΩ6,
Υ =
1
2
J6 ∧ J6 + ReΩ6 ∧ uˆ. (5.15)
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By construction, this structure is a solution of the wrapped brane equations for fivebranes on a
co-associative four-cycle. From [57], [39], these equations are
Vol[R2] ∧ dΦ = 0,
d(L−1Φ ∧Υ) = 0,
Φ ∧ dΦ = 0,
d
(
L ⋆9 d(L
−1Υ)
)
= 0. (5.16)
In the last equation, which comes from the four-form Bianchi identity, ⋆9 denotes the Hodge dual
on the space transverse to the Minkowski factor.
The conjectured G2 interpolation We now make the following ansatz for an interpolating
solution:
ds2 + L−1
[
ds2(R1,1) + F 21 ds
2(Σ4)
]
+ L2
[
F 23 du
2 + F 22DY
aDY a + ds2(R2)
]
, (5.17)
with L, F1,2,3 functions of u, t. For special holonomy we must have L = constant, which we take
to be unity. We also must have that F1,2,3 are functions of u only; the function F3 is then at our
disposal, and we set it to 1. The condition of G2 holonomy is then
dΦ = dΥ = 0, (5.18)
for the metric
ds2(Nτ ) = F 21 ds2(Σ4) + F 22DY aDY a + du2, (5.19)
with the G2 structure inherited from the AdS frame,
Φ = J6 ∧ du− ImΩ6,
Υ =
1
2
J6 ∧ J6 + ReΩ ∧ du,
J6 = F
2
1 Y
aJa4 +
1
2
F 22 ǫ
abcY aDY b ∧ DY c,
Ω6 = F
2
1F2(ǫ
abcY aDY b ∧ Jc4 + iDY a ∧ Ja4 ). (5.20)
With R = −12, closure of Φ implies
∂u(F
2
1F2) = F
2
2 − F 21 , (5.21)
while closure of Υ implies
∂u(F
4
1 ) = 4F
2
1F2,
2∂u(F
2
1F
2
2 ) = −4F 21F2. (5.22)
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It is readily verified that (5.22) imply (5.21). Integrating (5.22) is straightforward. Adding, we find
that
F 22 =
α2
2F 21
− F
2
1
2
, (5.23)
for some constant α. Defining a new coordinate x such that
∂u = 4F
2
1F2∂x, (5.24)
we then get
F 41 = x+ β, (5.25)
for an irrelevant constant β which can be eliminated by a shift in x. The constant α2 may be set
to unity, up to an overall scale in the metric. Defining a new coordinate R4 = x/4, the G2 metrics
conjectured to be the interpolation of the co-associative AdS3 solutions of [24] are as given above.
5.2 Associative cycle
The interpolating pair The AdS4 solution of [22], describing the near-horizon limit of M-
fivebranes wrapped on an associative three-cycle in a G2 manifold, admits four Killing spinors, and
is as follows. The metric is given by
ds2 =
1
λ
[
ds2(AdS4) +
4
5
ds2(H3) +
4
25
(1− λ3ρ2)µaµa + λ
3
4
dρ2
1− λ3ρ2
]
,
λ3 =
8
5 + 3ρ2
. (5.26)
The flux is purely magnetic and is irrelevant to the discussion; it may be obtained from [22] or [39].
The µa, a = 1, 2, 3, are given by
µa = σa − 1
2
ǫabcωab, (5.27)
where the σa are left-invariant one-foms on an S3, dσa = 1
2
ǫabcσb ∧ σc, and the ωab are the spin-
connection one-forms of H3. The range of ρ is ρ ∈ [−1, 1], with the S3 degenerating smoothly at
ρ = ±1.
The conjectured G2 interpolation of this metric is
ds2 = ds2(R1,3) + ds2(Nτ ), (5.28)
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where up to an overall scale
ds2(Nτ ) = R
2
3
ds2(H3) +
R2
9
( 1
R3
− 1
)
µaµa +
(
1
R3
− 1
)
−1
dR2. (5.29)
This metric is singular where the associative H3 degenerates, at R = 0. At R = 1, the S3
degenerates smoothly. This Nτ metric is a singular hyperbolic analogue of the BSGPP G2 metric
on an R4 bundle over S3 of [43], [44]. This Nτ metric was also found in [59], as the conjectured G2
interpolation of the AdS2 IIB solution of [26], for D3 branes wrapped on an associative three-cycle.
If it is indeed the interpolation of both these AdS solutions, then there are two distinct conformal
theories that have their origins in this geometry. The first is a superconformal quatum mechanics,
arising on the unwrapped (time) direction of D3-branes on the H3 of (5.29); the second is a three-
dimensional superconformal theory, arising on the unwrapped worldvolume directions of M5-branes
on the H3. Now we discuss the derivation of Nτ from the M-theory AdS4 solution.
The G-structure of the AdS solution With ea a basis for H3, the SU(3) structure of the
AdS solution, defined by all its four Killing spinors, is [39]
J6 =
4
5
√
5λ
√
1− λ3ρ2µa ∧ ea,
ImΩ6 =
8
25
√
5λ3/2
(1− λ3ρ2)1
2
ǫabcea ∧ µb ∧ µc − 8
5
√
5λ3/2
Vol[H3],
ReΩ6 =
(
2
5λ1/2
√
1− λ3ρ2
)3
1
3!
ǫabcµa ∧ µb ∧ µc − 8
25
√
1− λ3ρ2
λ3
1
2
ǫabcµa ∧ eb ∧ ec. (5.30)
This structure is a solution of the AdS torsion conditions of [58], interpreted in [39] as the conditions
defining the near-horizon limit of fivebranes wrapped on an associative three-cycle, which are
d
(
ρJ6 ∧ ρˆ− 1
λ3/2
ImΩ6
)
= 0,
d
(
1
2λρ
J6 ∧ J6 + 1
λ5/2ρ2
ReΩ ∧ ρˆ
)
= 0. (5.31)
Some useful identities in verifying this claim are
d(µa ∧ ea) = 1
2
ǫabcµa ∧ µb ∧ ec + 3Vol[H3],
d
(
1
3!
ǫabcµa ∧ µb ∧ µc
)
= d
(
1
2
ǫabcµa ∧ eb ∧ ec
)
=
1
2
ea ∧ eb ∧ µa ∧ µb. (5.32)
The AdS solution in the Minkowski frame Now we use section 2 to frame-rotate to the
canonical Minkowski frame. The one-form uˆ is given by
uˆ = Le−3r/4du, (5.33)
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with the Minkowski-frame coordinate u given by
u = −4
5
√
5− 5ρ2
8
. (5.34)
Then the associative AdS4 solution in the Minkowski frame is
ds2 = L−1
[
ds2(R1,2) +
4
5
e2rds2(H3)
]
+ L2
[
F−3/4
(
du2 +
u2
4
µaµa
)
+ dt2
]
, (5.35)
where
F = e2r,
L = λF, (5.36)
and er is a positive signature metric inducing root of the octic
4
25
(1− 4t2e4r)2 − u2e5r = 0. (5.37)
The wrapped-brane G2 structure of the associative AdS4 solution, defined by two of its Killing
spinors, is given by
Φ = J6 ∧ uˆ− ImΩ6,
Υ =
1
2
J6 ∧ J6 + ReΩ6 ∧ uˆ. (5.38)
By construction, this structure is a solution of the wrapped brane equations for an associative
three-cycle. From [37], [39], these are
dt ∧ d(L−1Υ) = 0,
d(L−5/2Φ ∧Υ) = 0,
Φ ∧ dΦ = 0,
d
(
L3/2 ⋆8 d(L
−3/2Φ)
)
= 0, (5.39)
where in the last equation (the four-form Bianchi identity), ⋆8 denotes the Hodge dual on the space
transverse to the Minkowski factor.
The conjectured G2 interpolation We now conjecture the existence of a solution of (5.39)
which smoothly interpolates between (5.35) and a manifold of G2 holonomy. We make the following
metric ansatz for this solution:
ds2 = L−1
[
ds2(R1,2) + F 21 ds
2(H3)
]
+ L2
[
F 23 du
2 + F 22 µ
aµa + dt2
]
, (5.40)
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with L, F1,2,3 functions of u and t. For special holonomy we set L = 1, and require that F1,2,3 are
arbitrary functions of u. In fact, the determination of the G2 metric from this point on exactly
follows that of [59], where a conjectured G2 interpolation of the AdS2 solution of [26] for a D3 brane
wrapped on an associative three-cycle was studied. The ansatz for the G2 manifold is exactly the
same, and the reader is referred to [59] for the rest of the derivation, or invited to perform it as a
useful excercise.
6 Spin(7) interpolating pairs
In this section, we will give conjectured interpolating pairs for fivebranes wrapped on Cayley four-
cycles in Spin(7) manifolds. First we give the pairs, then the derivation of the Spin(7) interpola-
tions.
The interpolating pairs The GKW AdS3 solutions [24] describing the near-horizon limit of
fivebranes on Cayley four-cycles, with membranes in the overall transverse directions, admit two
Killing spinors and have metrics given by
ds2 =
1
λ
[
ds2(AdS3) +
7
4
ds2(Σ4) + (1− λ3f 2)DY aDY a + λ
3
4(1− λ3f 2)dρ
2
]
,
λ3 =
49
84 + 15ρ2
, f =
6ρ
7
. (6.1)
The electric flux may be obtained from [24] or [41], and the magnetic flux will be given below.
The wrapped cycle Σ4 is an arbitrary conformally-half flat negative scalar curvature Einstein four-
manifold, normalised such that the Ricci scalar is R = −12. We have flipped the definition of
orientation on Σ4 relative to [24]; the conformally half-flat condition reads J
AijCijkl = 0, with
JA, A = 1, 2, 3, a basis of self-dual two-forms on Σ4 and Cijkl the Weyl tensor on Σ4. The Y
a,
a = 1, ..., 4 are constrained coordinates on an S3, Y aY a = 1, and
DY a = dY a +
1
4
ωcdJ
AcdJAabY
b, (6.2)
where ωab are the spin connection one-forms of Σ4. The range of ρ is ρ ∈ [−2, 2]; at the end-points,
the S3 degenerates smoothly.
The conjectured Spin(7) interpolation of this metric is
ds2 = ds2(R1,2) + ds2(Nτ ), (6.3)
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where up to an overall scale
ds2(Nτ ) = 9
20
R2ds2(Σ4) +
36
100
R2
(
1
R10/3
− 1
)
DY aDY a +
(
1
R10/3
− 1
)
−1
dR2. (6.4)
These metrics are singular at R = 0, where the Cayley four-cycle Σ4 degenerates. At R = 1, the
S3 degenerates smoothly. As discussed in the introduction these metrics are the analogues, for
negatively curved conformally half-flat Einstein Σ4, of the regular BSGPP Spin(7) metric on an
R4 bundle over S4, [43], [44]. We now give the derivation of the Nτ metric from the AdS metric.
The G-structure of the AdS solution The solution admits a G2 structure, defined by both its
Killing spinors, which satisfies the torsion conditions of [37]10 together with the Bianchi identity for
the magnetic flux (also given in [37]) which in this case is not implied by the torsion conditions. the
torsion conditions of [37] were interpreted in [41] as the conditions defining the near-horizon limit
of fivebranes wrapped on a Cayley four-cycle. These conditions are satisfied by all supersymmetric
AdS3 solutions of M-theory. If e
a denote a basis for Σ4, the G2 structure of the AdS solutions is
given by
Φ = −7
4
√
1− λ3f 2
λ3
[
Y aea ∧ eb ∧ DY b + 1
2
ǫabcdY aDY b ∧ ec ∧ ed
]
+
(√
1− λ3f 2
λ
)3
1
3!
ǫabcdY aDY b ∧ DY c ∧ DY d, (6.5)
Υ = − 7
4λ2
(1− λ3f 2)
[
1
2
ea ∧ eb ∧DY a ∧ DY b + 1
4
ǫabcdDY a ∧ DY c ∧ ec ∧ ed
]
+
49
16λ2
Vol[Σ4].
(6.6)
The torsion conditions of [37] are
ρˆ ∧ d(λ−1Υ) = 0, (6.7)
d
(
λ−5/2
√
1− λ3f 2Vol[M7]
)
= −4λ−1/2f ρˆ ∧ Vol[M7], (6.8)
dΦ ∧ Φ = 4λ
1/2√
1− λ3f 2 (3− λ
3f 2)Vol[M7]− 2λ3/2f ⋆8 d log
(
λ3f
1− λ3f 2
)
,
(6.9)
where
Vol[M7] = 1
7
Φ ∧Υ. (6.10)
10The conditions of [37] contain a minor error which is corrected in [41].
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The four-form Bianchi identity is dFmag = 0, with
Fmag =
λ3/2√
1− λ3f 2
(
λ3/2f + ⋆8
)(
d[λ−3/2
√
1− λ3f 2Φ]− 4λ−1Υ
)
+ 2λ1/2Φ ∧ ρˆ, (6.11)
where ⋆8 denotes the Hodge dual on the space transverse to the AdS3 factor, with positive orien-
tation defined with respect to
Vol = Vol[M7] ∧ ρˆ. (6.12)
It may be verified that the structure (6.5) is indeed a solution of the torsion conditions and Bianchi
identity, by using the following identities, valid for any conformally half-flat Einstein Σ4 with scalar
curvature R:
d
[
Y aea ∧ eb ∧DY b + 1
2
ǫabcdY aDY b ∧ ec ∧ ed
]
= −R
4
Vol[Σ4] + e
a ∧ eb ∧ DY a ∧DY b + 1
2
ǫabcdDY a ∧DY c ∧ ec ∧ ed,
d
[
1
3!
ǫabcdY aDY b ∧ DY c ∧DY d
]
= −R
48
[
ea ∧ eb ∧ DY a ∧ DY b + 1
2
ǫabcdDY a ∧ DY c ∧ ec ∧ ed
]
. (6.13)
The AdS solutions in the Minkowski frame Defining the coordinates
t = −1
2
e−12r/7ρ,
u = −
√
12− 3ρ2
7
e−r, (6.14)
the one-forms e8, e9 in the Minkowski frame are given by
e8 = λerdu,
e9 = λe12r/7dt, (6.15)
and the metric in the Minkowski frame takes the form
ds2 =
1
H
1/3
M5H
2/3
M2
ds2(R1,1) +
H
2/3
M5
H
2/3
M2
dt2 +
H
1/3
M2
H
1/3
M5
[
7
4
Fds2(Σ4)
]
+H
1/3
M2H
2/3
M5
[
1
F
(
du2 + u2DY aDY a
)]
, (6.16)
where
HM5 = λ
3e38r/7,
HM2 = e
2r/7,
F = e12r/7. (6.17)
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The function e2r is given in terms of t and u by a positive signature metric inducing root of the
twelfth order polynomial
t14e24r −
(
1− 7
12
u2e2r
)7
= 0. (6.18)
The wrapped brane Spin(7) structure of the AdS3 solutions, defined by one of their Killing spinors,
is given by
φ = −Φ ∧ e8 −Υ. (6.19)
By construction, this structure is a solution of the wrapped brane equations for a Cayley four-cycle
in a Spin(7) manifold, which comprise the torsion conditions [61], [41]
e9 ∧
[
−L3e9y d(L−3e9) + 1
2
φy dφ
]
= 0, (6.20)
(e9 ∧+⋆9)[e9y d(L−1φ)] = 0, (6.21)
together with the Bianchi identity and field equation for the four-form, which is given in [61], [41].
The conjectured Spin(7) interpolation We make the following ansatz for an interpolating
solution:
ds2 =
1
H
1/3
M5H
2/3
M2
ds2(R1,1) +
H
2/3
M5
H
2/3
M2
dt2 +
H
1/3
M2
H
1/3
M5
[
F 21 ds
2(Σ4)
]
+H
1/3
M2H
2/3
M5
[
F 23 du
2 + F 22DY
aDY a
]
, (6.22)
with HM5,M2, F1,2,3 arbitrary functions of u, t. To determine the Spin(7) interpolation with this
ansatz, we set HM5,M2 = 1 and require that F1,2,3 are functions only of u. Then F3 is at our
disposal, and we set it to 1. Requiring Spin(7) holonomy, we set
dφ = 0, (6.23)
with
φ = −Φ ∧ du−Υ,
Φ = −F 21F2
[
Y aea ∧ eb ∧DY b + 1
2
ǫabcdY aDY b ∧ ec ∧ ed
]
+ F 32
1
3!
ǫabcdY aDY b ∧ DY c ∧ DY d,
Υ = −F 21F 22
[
1
2
ea ∧ eb ∧ DY a ∧ DY b + 1
4
ǫabcdDY a ∧ DY c ∧ ec ∧ ed
]
+ F 41Vol[Σ4]. (6.24)
Using (6.13) with R = −12, the Spin(7) condition reduces to
∂u(F
4
1 ) = 3F
2
1F2,
1
2
∂u(F
2
1F
2
2 ) =
1
3
F 32 − F 21F2. (6.25)
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Defining a new coordinate x such that
∂u =
3
4
∂x, (6.26)
we get
F1 = x+ α, (6.27)
for a constant α which may be eliminated by a shift in x. Then
F 22 =
1
x4/3
(
β − 4
5
x10/3
)
, (6.28)
for a constant β which may be set to unity up to an overall scale in the metric. Defining a new
coordinate x10/3 = 5R10/3/4, up to an overall scale we obtain the Nτ metric given above.
7 Conclusions and outlook
In this paper, the notion of an interpolation between Anti-de Sitter and special holonomy manifolds
has been defined. The importance of this concept in the geometry of the supersymmetric AdS/CFT
correspondence has been stressed. Two conjectures have been made: that all supersymmetric
AdS solutions of M-/string theory admit a special holonomy interpolation, and that, with the
exception of flat space, all metrics on special holonomy manifolds admitting an AdS interpolation
are incomplete. For a representative sample of known supersymmetric AdS solutions of M-theory,
a series of canditate incomplete special holonomy interpolations has been derived. The series of
interpolations is closely related to a set of celebrated complete special holonomy metrics.
Several interesting directions for future research are suggested by the results of this paper.
The geometrical question of most importance is undoubtedly the construction of an interpolating
solution describing a wrapped brane, for one of the proposed interpolating pairs of this paper.
Since the whole series of pairs share many common features, understanding how to do this for
one of them would almost certainly facilitate the construction of an interpolating solution for all.
A reasonable guess for what the boundary conditions of an interpolating solution for these pairs
should be is the following. It should match on to an Nτ metric at its regular degeneration point.
It should also match on the AdS solution at a degeneration point of its transverse space. There is
an unfixed volume modulus in all of the Nτ metrics; this will be fixed, in an interpolating solution,
by the global topological requirement of matching onto an AdS solution. For the AdS solutions
without R-symmetry isometries, the degeneration points of the transverse space are symmetric; an
interpolating solution should match on to one of them. For the AdS solutions with R-symmetry
isometries, the degeneration points of the transverse space are asymmetric; in this case, it seems
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plausible that an interpolating solution should match on to the AdS solution at its R-symmetry
degeneration point. Understanding how this comes about, and solving the wrapped brane equations
for an interpolating solution, is not just a problem in Riemannian geometry. It seems very likely that
the Lorenztian character of an interpolating solution will enter in an essential way, with the causal
structure of the interpolating solution playing a key part. This is because (at least by analogy with
conical interpolations) an interpolating solution should match on to the special holonomy manifold
at a spacelike infinity, and the AdS manifold at an event horizon. Of the two coordinates which
play a roˆle in the frame rotation underlying the relationship between the interpolating pairs of
this paper, one has a finite range while the range of the other is infinite. Though they cannot
really be seperated, in a rough sense the non-compact direction should determine the Lorentzian,
causal structure, and the compact direction the Riemannian. A very delicate interplay between
the two is required, to fulfill the appropriate Lorenztian and Riemannian boundary conditions for
an interpolating solution. Understanding the geometry of the frame rotation in more depth may
reveal how to linearise the wrapped brane equations, and so superimpose the interpolating pair,
just as for conical interpolations. Another intriguing point about the frame rotation is that the
relationship between the AdS and Minkowski frame coordinates is in every case given by the root
of a polynomial. This strongly suggests some deeper underlying algebraic geometry which has not
been appreciated.
Other interesting geometrical questions raised by this work include the following. For branes
wrapped on Ka¨hler cycles, there exist rich classes of AdS solutions that have not been studied here.
These include AdS5 solutions from M-fivebranes on two-cycles in three-folds [13], AdS3 solutions
from M-fivebranes on four-cycles in fourfolds [28], [30] and AdS3 solutions from D3-branes on two-
cycles in four-folds [29], [30]. It would be interesting to apply the methods of this paper to these
other solutions, and so determine candidate interpolations. For the AdS-from-D3-brane solutions
of [29], [30] it should be particularly feasible to construct the interpolating solutions, since in this
case the four-fold geometry is essentially conical [62], [30], [59]. Also AdS2 M-theory solutions have
not been discussed in this paper at all; a rich class has recently been discovered in [30], and some
older ones are to be found in [24]. Using the classification results of [63], [40], it would be interesting
to determine their candidate interpolations.
It should also be possible to use the notion of an interpolating pair to construct new AdS
solutions. For all cases other than Ka¨hler cycles, to the knowledge of the author, only a single AdS
solution is known to exist - the one studied in this paper. On the other hand, numerous complete
cohomogeneity-one special holonomy metrics are known; for example, for G2 and Spin(7), several
complete metrics, whose construction was inspired by the BSGPP metrics, were given in [52], [53].
Hyperbolic analogues of these metrics should also exist, and if so, it will almost certainly be possible
to map them to new AdS solutions.
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A more long-term project concerns the construction of the conformal quantum duals of the
interpolating pairs. In M-theory, this problem is hampered by the notoriously intractable question
of the effective field theory on the worldvolume of a stack of fivebranes (for membranes, some
interesting progress on the world-volume theory, highlighting its non-associativity, has recently
been made in [64]). In IIB, this is less of a problem, and it should be possible to make progress
constructing the duals of wrapped D3-brane geometries, even with existing techniques.
In the geometry of wrapped brane physics, we have for so long been restricted to the near-horizon
limit, the AdS geometry, that it has become commonplace to think that only this geometry is of
relevance to investigations of the CFT. Indeed, recently it has been shown that it is in fact possible
in principle to reconstruct the CFT from the near-horizon geometry alone11 using holographic
renormalisation techniques [65], [66]. However, doing this for AdS geometries of the complexity of
those studied in this paper is likely to be very difficult indeed, if not impossible, in practice. And
focussing on the AdS geometry alone ignores the central message of this paper: that the geometry
of AdS/CFT involves, in an essential way, both an Anti-de Sitter and a special holonomy manifold.
It is also possible, as a matter of principle, to construct the CFT dual from the geometry of the
special holonomy manifold alone. It is worth recalling that this is how the quiver gauge theory
duals of the Y p,q manifolds were in fact constructed [16], [17]; as, indeed, was N = 4 super Yang
Mills itself in this context [1]. Knowing both members of an interpolating pair means that CFT
construction techniques can be brought to bear on both geometries; knowing both significantly
enriches our understanding of the correspondence.
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